The objective of this paper is to study the dynamics of small-scale turbulence near a pycnocline, 10 both in the free regime and under the action of an internal gravity wave (IW) propagating along a 11 pycnocline, using direct numerical simulation (DNS). Turbulence is initially induced in a horizontal 12 layer at some distance above the pycnocline. The velocity and density fields of IW propagating in 13 the pycnocline are also prescribed as initial condition. The IW wavelength is considered to be by 14 the order of magnitude larger as compared to the initial turbulence integral length scale. 15
We consider a stably stratified fluid with a pycnocline (Fig. 1) . Initial turbulence field is localized in a layer at some distance above the pycnocline. The first mode of the internal wave propagating along the pycnocline from left to right is also prescribed as initial condition. Periodic boundary conditions in the horizontal, x and y, directions and Neumann (zero normal gradient) boundary condition in the vertical z direction are considered. The thickness of the pycnocline, L 0 , and the buoyancy frequency in the middle of the pycnocline, x and y coordinates, and Gaussian elimination method over coordinate (Druzhinin et al. 2013) . The Neumann (zero normal gradient) boundary condition is prescribed for all fields in the horizontal (x,y) planes at z = 0 and z = 20, and periodic boundary conditions are prescribed in the longitudinal (x) and transverse (y) directions. 
where is the IW velocity amplitude at z= z p . The problem (11) was solved by the shooting method with matching at the pycnocline center, z = z p (Hazel, 1972) . The distribution of the firstmode vertical velocity in the IW and the dispersion relation < k < 6 obtained numerically for wavelength λ = 10 are presented in Fig. 2a . The figure shows that, as expected, the energy of the first mode is concentrated around the pycnocline.
DNS was performed with initial conditions (8)-(10) at t = 0 corresponding to the IW fields with wavelength λ = 10 (frequency ω = 0.489, period T ≈ 13). Previous DNS results by Druzhinin et al. (2013) show that weak IWs of short length (say, about 3 times smaller as compared to the λ = 10 considered in the present paper) are severely damped by turbulence. The results show that the damping rate of IWs with the amplitude two times less than the turbulence amplitude grows as . On the other hand, if we consider larger IW amplitudes and reduce the IW length, the wave slope increases so that strong, short-length IW become strongly non-linear and are prone to breaking and viscous dissipation. In the present study, the IW amplitude was prescribed as
. Figure 2b shows isopycnal displacements obtained in DNS at different times with initial conditions prescribed for IW with selected wavelength. In this case, the amplitude of the isopycnal displacement is about a ≈ 0.2, and the wave slope is about 2 / 1 λ
0.12 which may be regarded small enough to ensure that non-linear effects during the IW propagation in the pycnocline remain negligible. Below (in Fig. 7 ) spatial IW sectra also show that amplitudes of higher harmonics remain negligible as compared to the first harmonics amplitude. Turbulent velocity field is initialized in DNS as a random, divergence-free field in the form:
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is a homogeneous isotropic field with a given power spectrum in the (17) is the instantaneous deviation of the velocity from the mean value. Kantha (1979) and Carruthers & Hunt (1986) .) The amplitude of these turbulence-generated IWs remains by the order of magnitude smaller as compared to the amplitude of the IW induced in the pycnocline due to initial condition (8) Temporal development of the mean kinetic energy, E, at different z-levels (z = 9, 10 and 11) is presented in Fig. 3d . The figure shows that E decays at a lower rate in the region in the vicinity of the pycnocline (at z = 9), as compared to levels z = 10 and z = 11 where stratification is weak. The In the experimental study of strongly stratified homogeneous decaying grid turbulence Praud et al. (2005) observed that kinetic energy decays as t -1.3 which is close to the decay law of nonstratified grid turbulence [Warhaft & Lumley (1978) ]. Praud et al. (2005) also observed formation of pancake vortex structures at sufficiently late times. In the present study, the initial turbulence distribution is inhomogeneous in the z-direction, so that TKE dynamics at a given location is governed not only by viscous dissipation but also by turbulent diffusion of momentum. Therefore, the reduction of turbulence kinetic energy is also modified by turbulent momentum transport due to the inhomogeneity of turbulence. A reduced decay rate observed in our DNS in the stronglystratified region (t -0.9 at z = 9) as compared to the decay rate t -1.6 in the region with weaker stratification (at z = 11) can be attributed to the growth of the horizontal scale of turbulence due to the development of quasi-two-dimensional, pancake vortex structures (to be discussed below).
Let us consider now the instantaneous distribution of the flow vorticity presented in (where velocities and , and consequently the horizontal kinetic energy, have maximum) is larger as compared to the (x,y)-plane at z = 11, and turbulent eddies here acquire a pancake shape.
This observation is in accord with results of previous laboratory studies where formation of pancake large-scale vortex structures in decaying, strongly-stratified homogeneous turbulence was observed (cf. Praud et al. (2005) ). The figure shows also that strong variability of turbulence in the z-direction persists in the strongly stratified region in the vicinity of the pycnocline (8 < z < 10) and, in this region, y-and z-vorticity components are generally of the same order. transform over x-coordinate at different y-locations and then spatially averaged in the y-direction.
The figure shows that the spectrum obtained sufficiently far from the pycnocline, at z = 11, is characterized by an inertial interval (for k = 2 ÷ 20 at t = 100, and k = 2 ÷ 8 at t = 400), and a viscous dissipation range at larger k's. On the other hand, the spectrum obtained at z = 9 is characterized by larger values of the kinetic energy at low wavenumbers (k < 3) and by faster decay
Therefore, the DNS results show that, during the considered time interval (t = 0 ÷ 400) turbulence decay is significantly affected by stratification in the vicinity of the pycnocline, in the region 8 < z < 11. In this region, there occurs a collapse of three-dimensional turbulence and formation of quasi-2D pancake vortex structures. The horizontal spatial scale of these structures is considerably larger as compared to the characteristic size of 3D turbulent eddies which still survive in the non-stratified region sufficiently far from the pycnocline. In the latter region, the decay rate of the turbulent kinetic energy is enhanced as compared to the region in the vicinity of the pycnocline (E(z = 11) ~ t -1.6 as compared to E(z = 9) ~ t -0.9 ). As a result, the location of the kinetic energy maximum is shifted with time from the center of the turbulent layer at z t = 10 (at t = 0) to the level z = 9, i.e. closer to the pycnocline. At sufficiently late times (t > 400) most of turbulent kinetic energy is located in a layer occupied by pancake large-scale eddies in the vicinity of the pycnocline. Fig. 3a) . Thus, the internal wave created by initial condition (8-10) can indeed be regarded as strong as compared to the decaying turbulence. In the next section we study how this strong internal wave propagating through the pycnocline modifies turbulence dynamics.
Turbulence dynamics in the presence of IW
DNS was performed with both initially created turbulent layer and the internal wave field (8) show that for these parameters, the IW rms velocity exceeds turbulence velocity almost by the order of magnitude at sufficiently late times (t > 100). Note that generation of small-scale turbulence by internal waves was also observed in the laboratory experiment by Matusov et al. (1989) . In that experiment, small-scale, stationary turbulence layer was created by an oscillating grid at some distance above the pycnocline, whereas , isolines and grey scale) obtained in DNS of induced turbulence and IW propagating in the pycnocline at times t = 100 and 400. The vorticity distribution in Fig. 6 (top panel) shows that at time t = 100 there are two distinct regions, 7 < z < 9 and 9 < z < 12, of weakly and strongly stratified turbulence. In the region 7 < z < 9, where Ri g > 1 (cf. Fig. 4 ), the vorticity distribution is characterized by distinct maxima and minima in the vicinity of IW troughs and crests, respectively. In the region 9 < z < 12 the Richardson number is small (Ri g < 1, cf. Fig. 4 ) and vorticity distribution is similar to that observed in the absence of IW (cf. Fig. 3e ). On the other hand, at time t = 400 (Fig. 7 , middle panel) the vorticity is mostly concentrated in the vicinity of the pycnocline, in a thin layer around the pycnocline center at z ≈ 8. Here Ri g > 1 and turbulence can be regarded as strongly stratified (cf. Fig. 4 ). In the upper layer (z > 9) the vorticity practically vanishes. Thus, at late times turbulence is supported by IW against the effect of the molecular dissipation only in the vicinity of the pycnocline center, and decays in the upper layer.
This observation is also in agreement with the laboratory results by Matusov et al. (1989) . It is of interest to note that a similar enhancement of turbulence was observed by Tsai et al. (2015) in the vicinity of the waved water surface. Their DNS results show that turbulence is enhanced by the straining field of the surface wave in the vicinity of the water surface, and this enhancement is most pronounced in the vicinity of the surface wave crests and troughs. Since the IW-induced strain field decreases exponentially with the distance from the pycnocline, it is expected that the effect of the IW field on turbulence is most pronounced in the immediate vicinity of the pycnocline, as is observed in our DNS in Fig. 6 .
The distribution of the density ( ) (z of IW at level z = 9 (where turbulence kinetic energy has a local maximum at t = 400, cf. Fig. 3a ).
Figure 7 shows significant amplification (by the order of magnitude) of the kinetic energy spectrum under the effect of IW in the entire wavenumber (k) range. The maximum peak in the IW spectrum (in the absence of turbulence) is due to the first harmonics at k = 2π/10, the second harmonics peak (at k = 4π/10) being less by two orders of magnitude (Fig.7, left panel) . That means that the nonlinearity of IW is small and the internal wave is far from breaking. The kinetic energy spectrum of turbulence with IW is also characterized by a well-pronounced peak at the firstharmonics wavenumber (k = 2π/10), and the amplitude of this peak practically equals the amplitude of the 1 st harmonics peak in the IW spectrum without turbulence. That means that, at this wavenumber (k = 2π/10), the direct contribution of IW into the kinetic energy is most prominent.
On the other hand, spectrum E(k) of turbulence with IW is also significantly enhanced (as compared 384   385 to the turbulence spectrum in the absence of IW) at other k's where there is no direct contribution of IW into kinetic energy. Note also that since the energy peak at the IW wavenumber k = 2π/λ = 0.628 in the TKE spectrum is most pronounced, the turbulent length scale, in this case, is actually determined by the IW length ( (Fig. 7, right panel) , shows that the spectra coincide at the wavenumber of the first IW harmonics (k = 2π/10), and E y (k) of turbulence with IW is significantly enhanced for both lower and higher k's. Note, that since IW velocity field consists only of x-and zcomponents, there is no direct contribution of IW field in the E y (k) spectrum. DNS results show that if no IW is initially induced in the pycnocline, turbulence decays and the turbulence kinetic energy (TKE) decreases with time. TKE decay rate is reduced in the vicinity of the pycnocline. We assume that this reduction of the TKE decay rate can be related to growing horizontal lengthscale of turbulent eddies due to stable stratification effect. At sufficiently late times, most of turbulent energy is located in a layer close to the pycnocline. Here local Richardson number (defined by the local buoyancy frequency and TKE dissipation rate) is large (Ri >> 1) and turbulence dynamics is dominated by quasi-two-dimensional large-scale (pancake) vortex Matusov et al. (1989) .
Conclusion
In conclusion, let us briefly discuss a possible scaling of the above results to typical laboratory and in situ conditions. In the present study we employ velocity, length and time scales, , and , to normalize physical variables. Note that since the time scale is defined as 
